
IS S N  1063-7710, Acoustical Physics, 2011, Vol. 57, No. 3, pp. 292—300. © Pleiades Publishing, Ltd., 2011.

______  CLASSICAL PROBLEMS OF LINEAR ACOUSTICS _______
AND WAVE THEORY

Focusing with Two-Dimensional Angular-Symmetric 
Circular Acoustic Lenses1

Olgun Adem Kayafl, Ahmet Cicek* c, and Bulent Ulugc
a Department o f Computer Education Technologies, Faculty o f Education, Inonu University,

Campus 44280, Malatya, Turkey
b Department o f Physics, Faculty o f Arts and Sciences, Mehmet A kif Ersoy University,

15100 Burdur, Turkey
c Department o f Physics, Faculty o f Science, Akdeniz University,

Campus 07058, Antalya, Turkey
e-mail: oakaya@inonu.edu.tr

R e c e iv e d  J u n e  8 , 2 0 1 0

Abstract—Focusing properties of an acoustic lens based on a modified triangular sonic crystal slab whose 
columns are aligned on concentric arcs of equal radial distance are investigated. Capability of focusing nor- 
mally-incident plane waves is demonstrated by means of Finite Element Method. Focusing mechanisms are 
discussed on the basis of band structures and equifrequency contours considering a model where triangular 
lattice is elongated along Г К  direction. Focusing behavior of the proposed lens is argued to arise from negative 
refractions at the air-lens interfaces accompanied by index guiding in its interiors. Wavelength-order confine­
ment in the transverse direction is observed. Double focusing is attributed to geometrical effects and contri­
bution of self guiding is discussed. Possibility of occurrence of birefraction at the input face of the lens 
together with positive refraction at the output face is also discussed.
D O I: 10.1134/S1063771011030067

1. IN T R O D U C T IO N

In  analogy  w ith  p h o to n ic  crystals (P C ), son ic  crys­
tals (S C ) a re  artific ia l s truc tu res co m posed  o f  period ic  
a rran g em en t o f  acoustic  sca tterers. D ep en d in g  o n  
crystal pa ram ete rs  an d  wave frequency, in te ra c tio n  o f 
acoustic  waves w ith  a  SC  results in  fo rm a tio n  o f  fo r­
b id d en  zones in  th e  b an d  s tru c tu re  (B S) [1—5]. S im ilar 
to  a  “ d o u b le-nega tive” m e d iu m  [6], negative re frac ­
tio n  c a n  tak e  p lace  a t th e  in te rface  o f  a  ho m o g en eo u s 
m e d iu m  an d  a  SC  [7—11]. N egative re frac tio n  c a n  be 
ded u ced  from  equ ifrequency  c o n to u rs  (E F C ), as th e  
d irec tio n  o f  th e  g roup  velocity  is d e te rm in ed  by  th e  
g rad ien t o f  an g u la r frequency  w ith  resp ec t to  wave vec­
to r  [9—11]. Beside negative re frac tio n  in  SC s, im aging 
an d  focusing p ro p erties  o f  fla t SC  lenses are  experi­
m en ta lly  d em o n stra ted  o n  trian g u la r la ttices o f  steel 
cy linders in  a ir  [8] an d  w a te r [9], respectively.

C urved surfaces o f  e ith e r  co n tin u o u s  m ed ia  [12] o r 
SC s th a t m im ic  th e  g eom etry  o f  ho m o g en eo u s op tica l 
lenses a re  capab le  o f  focusing  acoustic  waves th ro u g h  
positive re frac tio n  a t th e  in terfaces w ith  h o s t m ed ia  
[13, 14]. O n  th e  contrary, negative re frac tio n  p ro p e r­
ties o f  SC s have b een  u tilized  in  designing flat SC  
lenses (S C L ) th o u g h  H ak an sso n  e t a l d em o n stra ted  in

1 T h e  a r t i c le  is  p u b l i s h e d  i n  t h e  o r ig in a l .

a n  aperiod ic  d is trib u tio n  o f  sca tterers th a t negative 
re frac tio n  is n o t a  requ isite  fo r so und  focusing  [15]. 
F la t P C  [16—19] an d  SC  lenses rely ing o n  negative 
re frac tio n  c a n  im age p o in t sources in  th e ir  v icin ities. 
F ar field im aging [20, 21] o f  a  p o in t sou rce  by a  flat SC 
w ith  sub-w avelength  reso lu tio n  a t very sm all source 
d istances [22] a re  d em o n stra ted . However, su ch  lenses 
suffer fro m  restric ted  range o f  o p era tio n , large focal 
zones, an d  inab ility  to  focus a  n o rm a lly -in c id en t p lan e  
wave. Focusing  issue is trea ted  by  em ploy ing  e ith e r 
curved surfaces [13, 14, 23, 24] o r  a  g rad ien t in  th e  
effective index  o f  re frac tio n  th a t cou ld  be  achieved in  
d ifferen t ways su ch  as gradually  m odify ing  th e  la ttice  
c o n s tan t [25, 26], th e  filling frac tio n  [27—30] o r  th e  
density  o f  m a te ria l [27, 30], a ll relying o n  b an d  s tru c ­
tu re  engineering . Playing w ith  th e  b an d  s tru c tu re  
m ig h t lead  to  overlapping o f  su b sequen t bands, w here  
possib ility  o f  re frac tio n  o f  a n  in c id e n t wave to  d ifferen t 
angles em erges. D o ub le  focusing in  ce rta in  cases is 
a ttrib u ted  to  th is p h e n o m e n o n  w h ich  is called  negative 
b ire frac tio n  [11].

Feng e t al. [7, 10] investigated  d ep en d en ce  o f  
re frac tio n  angle o n  freq u en cy  an d  th e  angle o f  in c i­
den ce  in  SC s an d  d em o n stra ted  th a t th e  negative angle 
o f  re frac tio n  increases as th e  angle  o f  in c id en ce  an d  
frequency  increase. In  case o f  a  p o in t sou rce  very close
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Fig. 1. S t r u c t u r e  a n d  d e s ig n  p a r a m e te r s  o f  ( a )  t r i a n g u la r  la t t i c e  a n d  (b )  A S C A L , w h e r e  c lo s e - u p  o f  t h e  h e x a g o n a l  u n i t  c o n s id e r e d  
i n  B S  a n d  E F C  c a l c u la t io n s  is  d e m o n s t r a t e d  in  b e tw e e n .

b

to a SC slab, angle of incidence of the acoustic wave 
ranges from 0° to 90°, while the incident wave vector 
may span a quadrant of the first Brillouin zone (B Z ). 
As the point source moves away from the SC , however, 
angle of incidence sweeps a narrower range and 
reaches its limiting value, i.e., 0°, at a sufficiently long 
distance. Since the angle of incidence in this case is 
well defined, only a single wave vector normal to the 
interface couples to the SC , yielding no focusing. One 
way of achieving focusing of normally incident acous­
tic plane waves is bending a flat SC so that angle of 
incidence, which is defined by the curvature and the 
width of the structure, can take nonzero values. In this 
case, even though the incident wave is described by a 
single well-defined wave vector, it can be refracted at 
different angles corresponding to different wave vec­
tors on different “units.”

Based on the arguments presented above, focusing 
properties of an acoustic lens called angular symmet­
ric circular acoustic lens (A S C A L ) after its design, 
which is obtained by modifying a triangular SC slab in 
such a way that columns of the slab are mapped into 
concentric circular arcs of equal distance are investi­
gated. Analyses are carried out by computing the 
steady-state solutions for sound pressure level through 
Finite Element Method ( F E M ) . It is demonstrated 
that a normally-incident plane wave can be focused 
with a resolution of the order of wavelength. Mecha­
nisms responsible for acoustic focusing in A S C A L  are 
discussed using a model in which triangular units on 
different layers are elongated likewise in the direction 
normal to the interface through inspection of corre­
sponding BSs and E F C s .

2. G E O M E T R Y
A N D  C O M P U T A T I O N A L  M E T H O D S

Proposed lens aims to achieve acoustic focusing 
through mapping a triangular SC slab consisting of 
steel cylinders in air into a circular arc to vary the angle 
of incidence quasi-continuously for a single well- 
defined wave vector in air. The SC slab, whose lattice 
constant is a =  25 mm, consists of 6 columns of scat- 
terers with 10.5 mm radii (corresponding to a filling 
fraction of 64%) normal to the T M  direction and it is 
demonstrated in Fig. 1a. Adopted material parameters 
are psteel =  7800 kg/m3, pair =  1.21 kg/m3 for densities 
and csteel =  6100 m/s, cair =  334.5 m/s [7] for longitu­
dinal speeds of sound in the homogeneous media, 
respectively. With these design parameters, the tri­
angular SC slab is observed to be capable of imaging 
a point source in its vicinity in a frequency range of 
8—12 k H z  via negative refraction in the second band 
of its BS.

Transformation of SC slab to A S C A L  is carried out 
by mapping each layer (column) n into a circular arc of 
radius ^ min + nb, as depicted in Fig. 1b. The innermost 
layer, n =  0, lies on a radius of curvature ^ min while the 
radial increment between two successive layers is b =
aV3 /2. The angle between the radial lines connecting 
the centers of two adjacent cylinders located along 
successive even and odd numbered rows to the center 
of curvature is denoted by ф. It should be noted that, 
contrary to its flat counterpart, none of the units 
(denoted by hexagons) in Fig. 1b is regular and identi­
cal to another for any m, where m  indicates the posi­
tion of rows with respect to acoustic axis. The angle at 
which the radial direction connecting the central cyl-
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Fig. 2. Distribution of RM S acoustic pressure for Rmin =  300 m m  at (a) 8.6 kHz, (b) 9.8 kHz, and (c) 10.8 kH z along with (d) 2D 
filled contour plot of -Prm s a t the prim ary focal zone ofASCAL with respect to  Rmin and v, where a—c and 1—5  indicate the points 
corresponding to the cases in (a) to (c) and in  Fig. 4, respectively.

in d e r  o f  a  se lec ted  u n it to  th e  cen tre  o f  cu rvatu re  
m akes w ith  th e  acoustic  axis is шф an d  defin es th e  
angle o f  in c id en ce  fo r a  p lan e  wave in c id e n t a long  th e  
acoustic  axis fo r th a t p a rticu la r  u n it.

A lthough n one  o f  the  “u n its” w ith  four unequal edges 
ou t o f  six in  F ig . 1b are regular hexagons, they can  be 
approxim ated for sim plicity by hexagons w hich  are e lon­
gated norm al to  Г М  direction. E longation can  be defined

by E(0) =  [tan(0)/tan(3O °)j — 1 =  J3 tan (0 ) — 1, w here  
0 is th e  average o f  angles be tw een  th e  lines co n n ec tin g  
th e  cen ters o f  cylinders a t sites (m , n) an d  (m ± 1, n ± 1), 
i.e ., a  an d  p, as show n in  th e  c lo se -u p  in  Fig. 1. N o te  
th a t, e lo n g a tio n  fades away an d  “u n its ” o n  A S C A L  are  
red u ced  to  regu lar hexagons fo r 0 =  30° in  th e  lim it 
R min — *- да. Follow ing th e  defin itions p resen ted  above, 
it  is seen  fro m  Fig. 1 th a t A SC A L  provides n o t on ly  a 
q u as i-co n tin u o u s  angle o f  in c id en ce  fo r a  p lan e  wave 
b u t also a  g rad ien t o f  filling frac tio n  w ith  n w h ich  
increases as n ap p ro ach es 0.

Focusing  p ro p erties  o f  A S C A L  are  investigated  as 
a  fu n c tio n  o f  R min in  th e  range from  300 m m  to 
1000 m m . S teady-sta te  so lu tions o f  th e  acoustic  wave 
eq u a tio n  in  two d im ensions (2D ) are  ob ta in ed  th ro u g h  
F E M  co m p u ta tio n s  an d  co n firm ed  by  F in ite -D iffe r­
en ce  T im e-D o m ain  (F D T D ) sim ula tions. T h e  c o m ­
p u ta tio n a l d o m ain  is excited  by a  p lan e  wave source  
w hose w id th  (w) is 200 m m  an d  am p litu d e  is 1.0 Pa.

3. P L A N E  W AVE F O C U S IN G

T h e  p ro p o sed  lens is observed to  focus th e  p lan e  
wave in c id e n t a long  th e  acoustic  axis. F igures 2a to  2c 
d em o n stra te  th a t two d is tinc t foc i ap p ea r a t low  fre ­
quencies, overlap in  a  m o d e ra te  frequency  range an d  
d im in ish  considerab ly  due  to  strong  reflec tions a t h igh  
frequencies fo r a  p a rticu la r  R min. T hus, P RMS a t th e  p r i­
m ary  focal zo n e  o f  A S C A L  is reco rd ed  w ith  resp ec t to  
Rmin by  varying th e  frequency  betw een  8 k H z  an d  
12 k H z  in  steps o f  0.1 k H z. R esults a re  d em o n stra ted  
in  Fig. 2d, w h ere  effic ien t acoustic  focusing is a c c o m ­
p lished  ou tside  th e  shaded  regions. T h e  reg ion  
d en o ted  by  “ D ou b le  focusing” o n  th e  to p -le ft p a r t o f  
Fig. 2d refers to  th e  range w here  two d is tin c t focal 
po in ts  a re  easily d istinguishable  as in  Fig. 2a. T h e  o ri­
gins o f  doub le  focusing a re  discussed later. T h e  “ H igh  
re flec tio n ” reg ion  o n  th e  b o tto m -rig h t c o rn e r  in  
Fig. 2d refers to  a  range o f  R min an d  v  w here  acoustic  
pressu re  a t th e  focal p o in ts  d rops d rastically  below  
a  specific value, as seen  in  Fig. 2c.

T h e  u n -sh a d e d  reg ion  ap p ro p ria te  fo r “ sing le” 
focusing m oves to  h ig h e r frequencies as R min increases 
u p  to  500 m m  beyond  w h ich , A S C A L  ap proaches 
co n v en tio n a l slab lens an d  increase  in  R min does n o t 
m ake a  sign ifican t difference.

S ound  pressure  d iagram s fo r th e  steady  sta te  so lu ­
tions o b ta in ed  fo r A SC A L , as w ell as transverse an d  
lo n g itu d in a l p ressu re  d istribu tions a t th e  focal zones 
fo r op tim a l frequencies co rresp o n d in g  to  d ifferen t
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Fig. 3. From top to bottom: (a) sound pressure diagrams for Rmin and v values marked by 1—5 in Fig. 2d, (b) pressure distributions 
fitted by (left) |sinc(cx)| in the transverse direction and (right) two Gaussians along the acoustic axis. y  and x represent the dis­
tances from the peak position of the primary focus and the inner vertex of ASCAL, respectively.

R min, w h ich  are  m ark ed  o n  Fig. 2d as 1—5, a re  d ep ic ted  
in  Fig. 3. Focusing  q u a lity  is assessed by  fitting  
|sinc(cx)| fu n c tio n  w h ere  c is a  co n stan t, to  th e  tra n s ­
verse p ressure  d is trib u tio n  o f  th e  p rim ary  p eak  a t th e  
focal zo n e  as seen  in  Fig. 3b. A lthough  sub-w avelength  
reso lu tio n  is n o t achieved , d a ta  in  Fig. 3b c learly  d e m ­
o n stra te  th a t A S C A L  effectively focuses p lan e  waves to

spo t sizes o n  th e  o rd e r o f ^ air: 1.11, 1.65, 1.91, 2.26 an d  
2 .4 5 ^air fo r R min =  300, 400, 600, 800, an d  1000 m m , 
respectively.

I t  is seen  in  Fig. 3 th a t focal d istance , as w ell as lo n ­
g itu d in a l an d  transverse ex ten ts o f  th e  focal zo n e , 
increases w ith  increasing  R min. T his is expected  since 
A SC A L  app ro ach es a  flat SC  fo r h ig h  Rmin values,
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where its capability of focusing plane waves dimin­
ishes. Another observation in Fig. 3a is that focal zone 
is constituted by the superposition of two elongated 
peaks whose amplitudes and widths vary with R min and 
v. This is clarified in the right panel of Fig. 3b, where 
sound pressure distributions on the focal zones along 
the acoustic axis are fitted by two Gaussian peaks. It is 
evident that double foci appear even in the un-shaded 
region of Fig. 2d, indicating that more than one mech­
anism might be responsible for the focusing of 
A S C A L . Since the amplitude of the peak closer to 
A S C A L  is larger, it is called “ primary.” Both peaks 
become broader and shift away from the lens as Rmin 
increases. In addition, distribution of sound pressure 
inside A S C A L  in Fig. 3a suggests that negative refrac­
tion might be taking place in the air-lens interfaces, 
which will be discussed later. Variation of the primary 
focal distance measured from the inner vertex of 
A S C A L  with R min and v depicted in Fig. 4 reveals 
that focal distance increases with increasing R min and 
v. Although the observed R min dependence of the 
focal distance is expected as explained above, it 
obeys no formulable relations, such as the lens- 
maker’s formula [14].

Focusing mechanisms of A S C A L  are investigated 
through the BSs and E F C s  of flat SCs which are con­
structed by approximating the “ units” in Fig. 1b with 
hexagonal cells corresponding to different elonga­
tions; £(30°) =  0, £(34°) =  0 .17, and £(38°) =  0.35 
for R min =  300 mm. BSs and E F C s  of three lowest- 
lying bands of elongated SCs computed by the F E M -  
based method are also calculated through the rigorous 
Multiple Scattering Theory (M S T ) for comparison, 
and no significant differences between the results of 
these two methods are observed. BSs and E F C s  of 
elongated SCs are presented in Fig. 5a and Fig. 5b,

respectively. Note that for £(0) > 0 (0 > 30°, see the 
close up in Fig. 1), corresponding 1st Brillouin Zone 
(1 B Z ) is no longer a regular hexagon but is squeezed in 
the direction of elongation. Thus, the high-symmetry 
points are no longer just Г , K , and M  but Г  with two 
inequivalent K  (K 1, K 2) and M  (M 1, M 2) points as 
indicated in Fig. 5b. E F C s  of the second and the third 
bands are provided on the left and right panels of 
Fig. 5b, respectively. The dispersion line in air is dis­
played as solid lines along the Г —M x direction in 
Fig. 5a, while the E F C s  in air for v =  10.0 k H z (dashed 
circles) are presented in Fig. 5b.

Figure 5a reveals that the bands shift to lower fre­
quencies as elongation increases. Besides, the third 
band approaches the second band, where they begin to 
share a frequency range for £(34°) =  0.17. Moreover, 
the shape of the second band along Г —K  and Г —M i 
(i =  1, 2) directions and the intersection of the disper­
sion line in air with this band suggest that the second 
band is accessible for negative refraction for frequen­
cies in the range roughly from 8 k H z  to 12 k H z.

Figure 5b demonstrates that the 1 B Z  is compressed 
along the Г —K 2 direction normal to Г —M b for £(0) > 0. 
Hence, the circular E F C s  observed at high frequencies 
in the second band for £(30°) =  0 no longer exist and 
some degree of anisotropy is introduced as elongation 
increases. This leads to reduction of the critical angle 
determined by the angle of incidence for which the 
conservation line is tangential to the corresponding 
E F C  for a particular frequency. Moreover, reduction 
in the curvature of E F C s  along the Г —K 2 direction as 
the elongation increases results in higher negative 
angles of refraction determined by the angle between 
the group velocity vectors (vg) and the surface normal 
(Г—M j direction). Furthermore, in addition to shifting 
of second and third bands in Fig. 5a to lower frequen­
cies with increasing elongation, the gap between them 
closes and the top of the second band around the Г  
point as well as the point where the two bands anti­
cross is flattened. As a consequence o f this, flat por­
tions in the E F C s  around Г  point appear and prevail 
especially for the highest frequencies of the second 
band and the lowest frequencies of the third band as 
elongation increases, suggesting the possibility of self 
collimation [30, 31].

To put the above discussions in a quantitative base, 
angle of refraction (фгеГ) for an angle of incidence (фь) 
of 6° at v =  10.0 k H z  are calculated for three elonga­
tions representative of the cases on the outer, middle 
and inner layers of A S C A L . Selected value of фь is 
close to the critical angle for the second band at 
that frequency for £(38°) =  0.35. Calculated фгеГ̂  
are —20°, —35°, and —81° for elongations 0, 0 .17, and 
0.35, respectively. O n  the other hand, the incident 
wave is refracted positively at фгеГ =  66° if the third 
band for £(38°) =  0.35 is considered. Thus, for this 
elongation, incident wave making small angles with the 
surface, i.e., for m  < 3 in Fig. 1b, can be birefracted [11]
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Fig. 5. (a) BSs of triangular SC for different elongations. (b) Corresponding EFCs of the (left) second and (right) th ird  bands on 
w hich the inequivalent symmetry points are indicated and the EFCs in air for v =  10.0 kHz are denoted by dashed circles. Incident 
and refracted k vectors as well as the group velocities are denoted by arrows, while the conservation line is marked as the horizontal 
dashed line. The grey horizontal arrows indicate the Г—M j direction.

by  th e  SC  lead ing  to  ap p earan ce  o f  two beam s a t th e  
o u tp u t in terface. T h e  co rresp o n d in g  effective ind ices 
(neff) a re  - 0 .3 3  (E  =  0), - 0 .2 9  (E =  0 .17), an d  - 0 .1 2  
(E =  0.35) fo r negatively re frac ted  waves a t th e  second  
b an d , an d  0.55 (E  =  0.35) fo r positive ly -refracted  wave 
a t th e  th ird  ban d . I t  is seen  from  these  ca lcu la tio n s an d  
g eom etry  o f  A S C A L  th a t th e  m ax im u m  angle o f  in c i­
den ce  accep ted  by  th e  lens is a ro u n d  6° fo r / min =  
300 m m  a t 10 k H z. I t  is ev iden t in  E F C s in  Fig. 5b th a t 
p arts  o f  th e  in c id e n t wave close to  th e  acoustic  axis are  
tran sm itted  w hile  th e  o u te r  p arts  a re  reflec ted  a t h igh  
frequencies. T h erefo re , th e  ch o ice  o f  so u rce  w id th  
depends o n  th e  frequency  range o f  o p e ra tio n  an d  / min, 
w h ich  defines th e  degree o f  e longation .

S ince th e  angle o f  re frac tio n  an d  th e  effective index  
a t a  p a rticu la r  frequency  vary w ith  elongation , a  ta n ­
d em  design o f  gradually  decreasing  e lo n g a tio n — thus 
increasing  filling frac tio n — m ig h t lead  to  im aging  o f  a 
p o in t source  w ith  h ig h er n u m erica l apertu re . 
A ltho u g h  d iscon tinu ities in  p erio d ic ity  a long  th e  
in terfaces a re  a  m a jo r issue in  such  a  design, th e ir  
in fluence  c a n  be  subsided  by  keep ing  th e  g rad ien t 
sm all. In  co m p ariso n , due  to  its curved surface 
A SC A L  provides c o n tin u o u s  v a ria tio n  fo r th e  angle o f  
in c id en ce  fo r p lan e  waves, i.e ., from  0° to  a n  angle p r i­
m arily  defined  by  its h e ig h t an d  curvatu re , a long  w ith  
m atch in g  o f  in terfaces co rresp o n d in g  to  d ifferen t 
elongations.
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Fig. 6. RMS pressure distribution for w (a) 100 mm, (b) 200 mm, and (c) 400 mm with (d) a pictorial demonstration of focusing 
mechanism of ASCAL.

Double focusing mechanism of A S C A L  are inves­
tigated for ^ min =  300 mm and v =  8.7 k H z  (in Double 
focusing region of Fig. 2d) by varying w. Figures 6a-to- 
6c demonstrate the result for w =  100 mm (4a), w = 
200 mm (8a) and w =  400 mm (16a), respectively. It is 
seen that, a single focal zone close to the lens appears 
for w =  100 mm, while two distinct foci appear for 
wider sources. Furthermore, intensity of the primary 
focus increases as w increases, while that of the sec­
ondary focus does not alter much. Thus, it can be con­
cluded that wave portions emanating from the source 
close to acoustic axis are focused further than those at 
the edges. The reason for this can be seen in E F C s  of 
the second band for E  =  0.35, as the absolute value of 
фгеГ increases rapidly to 90° if the angle of incidence is 
increased to critical value.

Above interpretation also explains the elongation 
of the focal zone along the acoustic axis, especially for 
large ^ min. The occurrence of distinct foci can be 
understood if one imagines a lens made up of a mate­
rial with gradually-varying effective index of refrac­
tion, as in Fig. 6d. In such a case, rays would leave the 
lens in a manner to yield a continuous distribution 
over the focal zone, thus yielding a single focus. How ­
ever, A S C A L  is composed of concrete scatterers with 
high densities, into which acoustic waves cannot pen­
etrate. Therefore, waves leaving lens can emerge from 
a few discrete sites, which subtend small angles around 
the center of curvature, to contribute to the formation 
of focal zone. This leads to formation of distinct foci, 
as depicted in Fig. 6d.

Flat portions of E F C s  are demonstrated to play 
a crucial role in acoustic canalization in 2 D  SCs [32]. 
Examination of Fig. 6b for no elongation (0 =  30°) in 
case of the second band reveal that E F C s  centered 
around the Г  point lose their circular shape, approach­
ing hexagons, as they move away from the Г  point, i.e., 
as their frequencies decrease. Besides, the flat portions 
are reduced as approaching to the K  point. As the 
elongation increases, E F C  for each frequency moves 
inwards and flat portions arise at high frequencies 
around the Г  point whereas the ones around K ;- points 
are enlarged. Similar flat regions also appear for the 
third band with increasing elongation. O n  the other 
hand, curvature of E F C s  around the Г  point increases 
at the proximity of the Г —M 1 direction. Therefore, self 
collimation might be another factor contributing to 
the formation of dual foci. For instance, if  фь is 
between approximately 2° and 6° for E  =  0.35 incident 
waves are self collimated, whereas incidences below 2° 
result in a spread in the angle of negative refraction. In 
other words, central portions ofthe incident wave con­
tributing to the secondary focus in Fig. 6d suffer larger 
spread upon refraction by the outermost “units” of 
A S C A L , while the outer portions of the incident wave 
constituting the primary focus are self collimated and 
this, in turn, leads to larger intensity of the primary 
focus.

Overlapping of two foci at high frequencies, as in 
Fig. 2d, can be understood if the negative-dispersive 
behavior depicted in Fig. 4 and the E F C s  in Fig. 5b are 
taken into account. While, both foci move away from
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the lens with increasing frequency, waves with k vec­
tors almost parallel to Г —M 1 direction incur less devi­
ation than those with larger angles since the direction 
of vg around the conservation line is modified more 
extensively with frequency for larger angles of inci­
dence.

Note that for the observed focusing behavior to 
occur, rays must arrive to A S C A L-a ir  interface at the 
output below the surface normal, as the focal zone is 
closer to the lens than the center of curvature. Wave 
trajectories in A S C A L , as seen in Figs. 6a-to-6c, sug­
gest that this is always the case since waves are scat­
tered at the input interface towards the acoustic axis, 
which evidences occurrence of negative refraction. 
Since effective index increases in absolute value 
toward the output interface, the rays are bent towards 
the acoustic axis. A  ray incident on a “unit” in the 
innermost layers might be refracted not only nega­
tively but also positively depending on the moduli of its 
wave vector, the wave vector of the lens in the direction 
of one dimensional periodicity and the corresponding 
wave vector in air [9]. Since the focal zones reside 
between the inner vertex of the lens and the center of 
curvature, positive refraction can only take place for 
rays reaching the output interface above the normal to 
the surface. This possibility cannot be ruled out at 
once because positive refraction at the input interface 
(see Fig. 5b), which leads to divergent waves with 
respect to the acoustic axis, can also occur via the third 
band. Besides, birefraction that is likely to occur for v 
between approximately 9.5 k H z and 10.5 k H z  for 
R min =  300 mm can also contribute to formation of 
dual foci [11]. For R min > 500 mm, E  is smaller than
0 .17, for which the second and third bands in Fig. 5a 
just begin to overlap in range, thus contribution via 
birefraction can be disregarded. Therefore, it can be 
confidently said that negative refraction at both inter­
faces o f A S C A L  accompanied by index guiding is the 
main focusing mechanism, while geometric effects 
and self collimation are responsible for dual focusing 
behavior.

Transverse focal size can be reduced further to 
achieve sub-wavelength resolution by introducing a 
gradient either in the filling fraction and/or in the den­
sities along the transverse direction. Besides, mapping 
into elliptical arcs instead of circular ones might also 
be beneficial in this sense, and help to eliminate the 
double focusing.

4. C O N C L U S I O N
A S C A L  obtained by modifying a triangular SC so 

that each column lies on concentric circular paths, is 
shown to focus acoustic waves effectively by means of 
F E M  computations and F D T D  simulations. Sharp 
focusing, for which longitudinal and transverse con­
finements are of the order of acoustic wavelength in air 
for a set of R min, is observed at particular frequencies. 
Focusing properties of the lens are discussed by con­

sidering BSs an d  E F C s o f  e longated  trian g u la r SCs. It 
is a rgued  th a t, negative refrac tions tak ing  p lace a t th e  
A S C A L -a ir in terfaces an d  bend in g  o f  waves tow ards 
acoustic  axis d u e  to  gradually-vary ing  effective index  
o f  re frac tio n  are  responsib le  fo r focusing o f  p lane 
waves. D u a l focusing beh av io r is exp lained  v ia g eo ­
m etric  effects an d  se lf  guiding. Possible co n tr ib u tio n  
o f  b ire frac tio n  to  d u a l foc i is also discussed.

A ltho u g h  focal d is tan ce  is fo u n d  to  increase  w ith  
increasing  R min an d  v , v a ria tio n  o f  focal len g th  an d  
spo t size w ith  R min revealed n o  sign ifican t co rre la tio n  
obeying a  fo rm u la tio n , su ch  as th e  len sm ak e r’s fo r­
m ula . T herefo re , A S C A L  presen ts negative-dispersive 
b ehav io r w here  waves w ith  h ig h er frequencies are 
focused  further.

T h e  p ro p o sed  A S C A L  has various p o te n tia l im p le ­
m en ta tio n s , su ch  as u ltraso n ic  im aging in  m ed ica l sc i­
ences. Large n u m erica l ap e rtu re  offered  by  A S C A L  is 
benefic ia l fo r b e tte r  re so lu tio n  in  acoustic  m ic ro ­
scopes.
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