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Abstract— Focusing properties of an acoustic lens based on a modified triangular sonic crystal slab whose
columns are aligned on concentric arcs of equal radial distance are investigated. Capability of focusing nor-
mally-incident plane waves is demonstrated by means of Finite Element Method. Focusing mechanisms are
discussed on the basis of band structures and equifrequency contours considering a model where triangular
lattice is elongated along 'K direction. Focusing behavior of the proposed lens is argued to arise from negative
refractions at the air-lens interfaces accompanied by index guiding in its interiors. Wavelength-order confine-
ment in the transverse direction is observed. Double focusing is attributed to geometrical effects and contri-
bution of self guiding is discussed. Possibility of occurrence of birefraction at the input face of the lens
together with positive refraction at the output face is also discussed.
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1. INTRODUCTION

In analogy with photonic crystals (PC), sonic crys-
tals (SC) are artificial structures composed of periodic
arrangement of acoustic scatterers. Depending on
crystal parameters and wave frequency, interaction of
acoustic waves with a SC results in formation of for-
bidden zones in the band structure (BS) [1—5]. Similar
to a “double-negative” medium [6], negative refrac-
tion can take place at the interface of a homogeneous
medium and a SC [7—11]. Negative refraction can be
deduced from equifrequency contours (EFC), as the
direction of the group velocity is determined by the
gradient of angular frequency with respect to wave vec-
tor [9—11]. Beside negative refraction in SCs, imaging
and focusing properties of flat SC lenses are experi-
mentally demonstrated on triangular lattices of steel
cylinders in air [8] and water [9], respectively.

Curved surfaces of either continuous media [12] or
SCs that mimic the geometry of homogeneous optical
lenses are capable of focusing acoustic waves through
positive refraction at the interfaces with host media
[13, 14]. On the contrary, negative refraction proper-
ties of SCs have been utilized in designing flat SC
lenses (SCL) though Héakansson et al demonstrated in
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an aperiodic distribution of scatterers that negative
refraction is not a requisite for sound focusing [15].
Flat PC [16—19] and SC lenses relying on negative
refraction can image point sources in their vicinities.
Far field imaging [20, 21] of a point source by a flat SC
with sub-wavelength resolution at very small source
distances [22] are demonstrated. However, such lenses
suffer from restricted range of operation, large focal
zones, and inability to focus a normally-incident plane
wave. Focusing issue is treated by employing either
curved surfaces [13, 14, 23, 24] or a gradient in the
effective index of refraction that could be achieved in
different ways such as gradually modifying the lattice
constant [25, 26], the filling fraction [27—30] or the
density of material [27, 30], all relying on band struc-
ture engineering. Playing with the band structure
might lead to overlapping of subsequent bands, where
possibility of refraction of an incident wave to different
angles emerges. Double focusing in certain cases is
attributed to this phenomenon which is called negative
birefraction [11].

Feng et al. [7, 10] investigated dependence of
refraction angle on frequency and the angle of inci-
dence in SCs and demonstrated that the negative angle
of refraction increases as the angle of incidence and
frequency increase. In case of a point source very close
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in BS and EFC calculations isdemonstrated in between.

to a SC slab, angle of incidence of the acoustic wave
ranges from 0° to 90°, while the incident wave vector
may span a quadrant of the first Brillouin zone (BZ).
As the point source moves away from the SC, however,
angle of incidence sweeps a narrower range and
reaches its limiting value, i.e., 0°, at a sufficiently long
distance. Since the angle of incidence in this case is
well defined, only a single wave vector normal to the
interface couples to the SC, yielding no focusing. One
way of achieving focusing of normally incident acous-
tic plane waves is bending a flat SC so that angle of
incidence, which is defined by the curvature and the
width ofthe structure, can take nonzero values. In this
case, even though the incident wave is described by a
single well-defined wave vector, it can be refracted at
different angles corresponding to different wave vec-
tors on different “units.”

Based on the arguments presented above, focusing
properties of an acoustic lens called angular symmet-
ric circular acoustic lens (ASCAL) after its design,
which is obtained by modifying a triangular SC slab in
such away that columns of the slab are mapped into
concentric circular arcs of equal distance are investi-
gated. Analyses are carried out by computing the
steady-state solutions for sound pressure level through
Finite Element Method (FEM). It is demonstrated
that a normally-incident plane wave can be focused
with a resolution of the order of wavelength. Mecha-
nisms responsible for acoustic focusing inASCAL are
discussed using a model in which triangular units on
different layers are elongated likewise in the direction
normal to the interface through inspection of corre-
sponding BSs and EFCs.
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2. GEOMETRY
AND COMPUTATIONAL METHODS

Proposed lens aims to achieve acoustic focusing
through mapping a triangular SC slab consisting of
steel cylinders in air into a circular arc to vary the angle
of incidence quasi-continuously for a single well-
defined wave vector in air. The SC slab, whose lattice
constant isa = 25 mm, consists of 6 columns of scat-
terers with 10.5 mm radii (corresponding to a filling
fraction of 64%) normal to the TM direction and it is
demonstrated in Fig. la. Adopted material parameters
are pged = 7800 kg/m3 par= 1.21 kg/m3for densities
and cded = 6100 m/s, car= 334.5 m/s [7] for longitu-
dinal speeds of sound in the homogeneous media,
respectively. With these design parameters, the tri-
angular SC slab is observed to be capable ofimaging
apoint source in its vicinity in a frequency range of
8—12 kHz via negative refraction in the second band
of its BS.

Transformation of SC slabto ASCAL is carried out
by mapping each layer (column) n into acircular arc of
radius * min+ nb, as depicted in Fig. 1b. The innermost
layer, n = O, lies on aradius of curvature ~ ninwhile the
radial increment between two successive layers is b =

aV3 /2. The angle between the radial lines connecting
the centers of two adjacent cylinders located along
successive even and odd numbered rows to the center
of curvature is denoted by ¢ It should be noted that,
contrary to its flat counterpart, none of the units
(denoted by hexagons) in Fig. 1b isregular and identi-
cal to another for any m, where m indicates the posi-
tion of rows with respect to acoustic axis. The angle at
which the radial direction connecting the central cyl-
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Fig. 2. Distribution of RMS acoustic pressure for Rp,;, = 300 mm at (a) 8.6 kHz, (b) 9.8 kHz, and (c) 10.8 kHz along with (d) 2D
filled contour plot of Pgyg at the primary focal zone of ASCAL with respect to Ry, and v, where a—c and J—5 indicate the points

corresponding to the cases in (a) to (¢) and in Fig. 4, respectively.

inder of a selected unit to the centre of curvature
makes with the acoustic axis is m@ and defines the
angle of incidence for a plane wave incident along the
acoustic axis for that particular unit.

Although none of the “units” with four unequal edges
out of six in Fig. 1b are regular hexagons, they can be
approximated for simplicity by hexagons which are elon-
gated normal to ['M direction. Elongation can be defined

by E(0) = [tan(0)/tan(30°)] — 1 = J3tan(0) — 1, where
0 is the average of angles between the lines connecting
the centers of cylinders at sites (m, n)and (im £ 1, n+ 1),
i.e., o and B, as shown in the close-up in Fig. 1. Note
that, elongation fades away and “units” on ASCAL are
reduced to regular hexagons for & = 30° in the limit
R,;, — . Following the definitions presented above,
it is seen from Fig. 1 that ASCAL provides not only a
quasi-continuous angle of incidence for a plane wave
but also a gradient of filling fraction with #» which
increases as # approaches 0.

Focusing properties of ASCAL are investigated as
a function of R, in the range from 300 mm to
1000 mm. Steady-state solutions of the acoustic wave
equation in two dimensions (2D) are obtained through
FEM computations and confirmed by Finite-Differ-
ence Time-Domain (FDTD) simulations. The com-
putational domain is excited by a plane wave source
whose width (w) is 200 mm and amplitude is 1.0 Pa.

3. PLANE WAVE FOCUSING

The proposed lens is observed to focus the plane
wave incident along the acoustic axis. Figures 2a to 2¢
demonstrate that two distinct foci appear at low fre-
quencies, overlap in a moderate frequency range and
diminish considerably due to strong reflections at high
frequencies for a particular R,,;,. Thus, Py at the pri-
mary focal zone of ASCAL is recorded with respect to
R, by varying the frequency between 8 kHz and
12 kHz in steps of 0.1 kHz. Results are demonstrated
in Fig. 2d, where efficient acoustic focusing is accom-
plished outside the shaded regions. The region
denoted by “Double focusing” on the top-left part of
Fig. 2d refers to the range where two distinct focal
points are easily distinguishable as in Fig. 2a. The ori-
gins of double focusing are discussed later. The “High
reflection” region on the bottom-right corner in
Fig. 2d refers to a range of R;, and v where acoustic
pressure at the focal points drops drastically below
a specific value, as seen in Fig. 2c.

The un-shaded region appropriate for “single”
focusing moves to higher frequencies as R;, increases
up to 500 mm beyond which, ASCAL approaches
conventional slab lens and increase in R,;, does not
make a significant difference.

Sound pressure diagrams for the steady state solu-
tions obtained for ASCAL, as well as transverse and
longitudinal pressure distributions at the focal zones
for optimal frequencies corresponding to different
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Rmin,which are marked on Fig. 2d as 1—b5, are depicted
in Fig. 3. Focusing quality is assessed by fitting
|sinc(cx)| function where c is a constant, to the trans-
verse pressure distribution of the primary peak at the
focal zone as seen in Fig. 3b. Although sub-wavelength
resolution isnot achieved, data in Fig. 3b clearly dem -
onstrate that ASCAL effectively focuses plane waves to
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spotsizes on the order of”air: 1.11, 1.65, 1.91, 2.26 and
2.45"air for Rmin = 300, 400, 600, 800, and 1000 mm,
respectively.

Itisseen in Fig. 3that focal distance, aswellaslon-
gitudinal and transverse extents of the focal zone,
increases with increasing Rmin. This is expected since
ASCAL approaches a flat SC for high Rmin values,
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Fig. 4. Variation of primary focal distance with R, ;, and
frequency of the incident plane wave.

where its capability of focusing plane waves dimin-
ishes. Another observation in Fig. 3a is that focal zone
is constituted by the superposition of two elongated
peaks whose amplitudes and widths vary with R,;, and
v. This is clarified in the right panel of Fig. 3b, where
sound pressure distributions on the focal zones along
the acoustic axis are fitted by two Gaussian peaks. It is
evident that double foci appear even in the un-shaded
region of Fig. 2d, indicating that more than one mech-
anism might be responsible for the focusing of
ASCAL. Since the amplitude of the peak closer to
ASCAL is larger, it is called “primary.” Both peaks
become broader and shift away from the lens as R ;,
increases. In addition, distribution of sound pressure
inside ASCAL in Fig. 3a suggests that negative refrac-
tion might be taking place in the air-lens interfaces,
which will be discussed later. Variation of the primary
focal distance measured from the inner vertex of
ASCAL with R,;, and v depicted in Fig. 4 reveals
that focal distance increases with increasing R,,;, and
v. Although the observed R,;, dependence of the
focal distance is expected as explained above, it
obeys no formulable relations, such as the lens-
maker’s formula [14].

Focusing mechanisms of ASCAL are investigated
through the BSs and EFCs of flat SCs which are con-
structed by approximating the “units” in Fig. 1b with
hexagonal cells corresponding to different elonga-
tions; £(30°) = 0, E(34°) = 0.17, and FE(38°) = 0.35
for R;, = 300 mm. BSs and EFCs of three lowest-
lying bands of elongated SCs computed by the FEM-
based method are also calculated through the rigorous
Multiple Scattering Theory (MST) for comparison,
and no significant differences between the results of
these two methods are observed. BSs and EFCs of
elongated SCs are presented in Fig. 5a and Fig. 5b,
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respectively. Note that for £(0) > 0 (0 > 30°, see the
close up in Fig. 1), corresponding 1st Brillouin Zone
(1BZ) is no longer a regular hexagon but is squeezed in
the direction of elongation. Thus, the high-symmetry
points are no longer just I', K, and M but I with two
inequivalent K (K, K,) and M (M;, M,) points as
indicated in Fig. 5b. EFCs of the second and the third
bands are provided on the left and right panels of
Fig. 5b, respectively. The dispersion line in air is dis-
played as solid lines along the I'—M, direction in
Fig. 5a, while the EFCs in air for v=10.0 kHz (dashed
circles) are presented in Fig. 5b.

Figure 5a reveals that the bands shift to lower fre-
quencies as elongation increases. Besides, the third
band approaches the second band, where they begin to
share a frequency range for £(34°) = 0.17. Moreover,
the shape of the second band along 'K, and I'-M,,
(i=1, 2) directions and the intersection of the disper-
sion line in air with this band suggest that the second
band is accessible for negative refraction for frequen-
cies in the range roughly from 8 kHz to 12 kHz.

Figure 5b demonstrates that the 1BZ is compressed
along the 'K, direction normal to ['—M;, for £(8) > 0.
Hence, the circular EFCs observed at high frequencies
in the second band for £(30°) = 0 no longer exist and
some degree of anisotropy is introduced as elongation
increases. This leads to reduction of the critical angle
determined by the angle of incidence for which the
conservation line is tangential to the corresponding
EFC for a particular frequency. Moreover, reduction
in the curvature of EFCs along the K, direction as
the elongation increases results in higher negative
angles of refraction determined by the angle between
the group velocity vectors (v,) and the surface normal
(I'-M, direction). Furthermore, in addition to shifting
of second and third bands in Fig. 5a to lower frequen-
cies with increasing elongation, the gap between them
closes and the top of the second band around the I
point as well as the point where the two bands anti-
cross is flattened. As a consequence of this, flat por-
tions in the EFCs around I point appear and prevail
especially for the highest frequencies of the second
band and the lowest frequencies of the third band as
elongation increases, suggesting the possibility of self
collimation [30, 31].

To put the above discussions in a quantitative base,
angle of refraction (@) for an angle of incidence (;,)
of 6° at v = 10.0 kHz are calculated for three elonga-
tions representative of the cases on the outer, middle
and inner layers of ASCAL. Selected value of ¢, is
close to the critical angle for the second band at
that frequency for £(38°) = 0.35. Calculated @.’s
are —20°, —35°, and —81° for elongations 0, 0.17, and
0.35, respectively. On the other hand, the incident
wave is refracted positively at @, = 66° if the third
band for E(38°) = 0.35 is considered. Thus, for this
elongation, incident wave making small angles with the
surface, i.e., for m < 3 in Fig. 1b, can be birefracted [11]
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Fig. 5. (a) BSs of triangular SC for different elongations. (b) Corresponding EFCs of the (left) second and (right) third bands on
which the inequivalent symmetry points are indicated and the EFCs in air for v = 10.0 kHz are denoted by dashed circles. Incident
and refracted k vectors as well as the group velocities are denoted by arrows, while the conservation line is marked as the horizontal
dashed line. The grey horizontal arrows indicate the '-M; direction.

by the SC leading to appearance of two beams at the
output interface. The corresponding effective indices
(n.y) are —0.33 (£ =0), —0.29 (£ =0.17), and —0.12
(EF = 0.35) for negatively refracted waves at the second
band, and 0.55 (£ = 0.35) for positively-refracted wave
at the third band. It is seen from these calculations and
geometry of ASCAL that the maximum angle of inci-
dence accepted by the lens is around 6° for R ;, =
300 mm at 10 kHz. It is evident in EFCs in Fig. 5b that
parts of the incident wave close to the acoustic axis are
transmitted while the outer parts are reflected at high
frequencies. Therefore, the choice of source width
depends on the frequency range of operationand R,
which defines the degree of elongation.
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Since the angle of refraction and the effective index
at a particular frequency vary with elongation, a tan-
dem design of gradually decreasing elongation—thus
increasing filling fraction—might lead to imaging of a
point source with higher numerical aperture.
Although discontinuities in periodicity along the
interfaces are a major issue in such a design, their
influence can be subsided by keeping the gradient
small. In comparison, due to its curved surface
ASCAL provides continuous variation for the angle of
incidence for plane waves, i.e., from 0° to an angle pri-
marily defined by its height and curvature, along with
matching of interfaces corresponding to different
elongations.
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Fig. 6. RMS pressure distribution for w (a) 100 mm, (b) 200 mm, and (c) 400 mm with (d) a pictorial demonstration of focusing

mechanism of ASCAL.

Double focusing mechanism of ASCAL are inves-
tigated for R,;, = 300 mm and v = 8.7 kHz (in Double
focusing region of Fig. 2d) by varying w. Figures 6a-to-
6¢ demonstrate the result for w = 100 mm (4a), w =
200 mm (8a) and w = 400 mm (16a), respectively. It is
seen that, a single focal zone close to the lens appears
for w = 100 mm, while two distinct foci appear for
wider sources. Furthermore, intensity of the primary
focus increases as w increases, while that of the sec-
ondary focus does not alter much. Thus, it can be con-
cluded that wave portions emanating from the source
close to acoustic axis are focused further than those at
the edges. The reason for this can be seen in EFCs of
the second band for £ = 0.35, as the absolute value of
(s increases rapidly to 90° if the angle of incidence is
increased to critical value.

Above interpretation also explains the elongation
of the focal zone along the acoustic axis, especially for
large R,;,- The occurrence of distinct foci can be
understood if one imagines a lens made up of a mate-
rial with gradually-varying effective index of refrac-
tion, as in Fig. 6d. In such a case, rays would leave the
lens in a manner to yield a continuous distribution
over the focal zone, thus yielding a single focus. How-
ever, ASCAL is composed of concrete scatterers with
high densities, into which acoustic waves cannot pen-
etrate. Therefore, waves leaving lens can emerge from
a few discrete sites, which subtend small angles around
the center of curvature, to contribute to the formation
of focal zone. This leads to formation of distinct foci,
as depicted in Fig. 6d.

Flat portions of EFCs are demonstrated to play
a crucial role in acoustic canalization in 2D SCs [32].
Examination of Fig. 6b for no elongation (6 = 30°) in
case of the second band reveal that EFCs centered
around the I” point lose their circular shape, approach-
ing hexagons, as they move away from the I” point, i.e.,
as their frequencies decrease. Besides, the flat portions
are reduced as approaching to the K point. As the
elongation increases, EFC for each frequency moves
inwards and flat portions arise at high frequencies
around the I" point whereas the ones around K; points
are enlarged. Similar flat regions also appear for the
third band with increasing elongation. On the other
hand, curvature of EFCs around the I” point increases
at the proximity of the '—M; direction. Therefore, self
collimation might be another factor contributing to
the formation of dual foci. For instance, if @, is
between approximately 2° and 6° for £=0.35 incident
waves are self collimated, whereas incidences below 2°
result in a spread in the angle of negative refraction. In
other words, central portions of the incident wave con-
tributing to the secondary focus in Fig. 6d suffer larger
spread upon refraction by the outermost “units” of
ASCAL, while the outer portions of the incident wave
constituting the primary focus are self collimated and
this, in turn, leads to larger intensity of the primary
focus.

Overlapping of two foci at high frequencies, as in
Fig. 2d, can be understood if the negative-dispersive
behavior depicted in Fig. 4 and the EFCs in Fig. 5b are
taken into account. While, both foci move away from

ACOUSTICAL PHYSICS Vol. 57

No. 3 2011



FOCUSING WITH 2D ASCAL

the lens with increasing frequency, waves with k vec-
tors almost parallel to '—M; direction incur less devi-
ation than those with larger angles since the direction
of v, around the conservation line is modified more
extensively with frequency for larger angles of inci-

dence.

Note that for the observed focusing behavior to
occur, rays must arrive to ASCAL-air interface at the
output below the surface normal, as the focal zone is
closer to the lens than the center of curvature. Wave
trajectories in ASCAL, as seen in Figs. 6a-to-6¢, sug-
gest that this is always the case since waves are scat-
tered at the input interface towards the acoustic axis,
which evidences occurrence of negative refraction.
Since effective index increases in absolute value
toward the output interface, the rays are bent towards
the acoustic axis. A ray incident on a “unit” in the
innermost layers might be refracted not only nega-
tively but also positively depending on the moduli of its
wave vector, the wave vector of the lens in the direction
of one dimensional periodicity and the corresponding
wave vector in air [9]. Since the focal zones reside
between the inner vertex of the lens and the center of
curvature, positive refraction can only take place for
rays reaching the output interface above the normal to
the surface. This possibility cannot be ruled out at
once because positive refraction at the input interface
(see Fig. 5b), which leads to divergent waves with
respect to the acoustic axis, can also occur via the third
band. Besides, birefraction that is likely to occur for v
between approximately 9.5 kHz and 10.5 kHz for
R, = 300 mm can also contribute to formation of
dual foci [11]. For R;, = 500 mm, F is smaller than
0.17, for which the second and third bands in Fig. 5a
just begin to overlap in range, thus contribution via
birefraction can be disregarded. Therefore, it can be
confidently said that negative refraction at both inter-
faces of ASCAL accompanied by index guiding is the
main focusing mechanism, while geometric effects
and self collimation are responsible for dual focusing
behavior.

Transverse focal size can be reduced further to
achieve sub-wavelength resolution by introducing a
gradient either in the filling fraction and/or in the den-
sities along the transverse direction. Besides, mapping
into elliptical arcs instead of circular ones might also
be beneficial in this sense, and help to eliminate the
double focusing.

4. CONCLUSION

ASCAL obtained by modifying a triangular SC so
that each column lies on concentric circular paths, is
shown to focus acoustic waves effectively by means of
FEM computations and FDTD simulations. Sharp
focusing, for which longitudinal and transverse con-
finements are of the order of acoustic wavelength in air
for a set of R ;,, is observed at particular frequencies.
Focusing properties of the lens are discussed by con-
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sidering BSs and EFCs of elongated triangular SCs. It
is argued that, negative refractions taking place at the
ASCAL-air interfaces and bending of waves towards
acoustic axis due to gradually-varying effective index
of refraction are responsible for focusing of plane
waves. Dual focusing behavior is explained via geo-
metric effects and self guiding. Possible contribution
of birefraction to dual foci is also discussed.

Although focal distance is found to increase with
increasing R, and v, variation of focal length and
spot size with R, revealed no significant correlation
obeying a formulation, such as the lensmaker’s for-
mula. Therefore, ASCAL presents negative-dispersive
behavior where waves with higher frequencies are
focused further.

The proposed ASCAL has various potential imple-
mentations, such as ultrasonic imaging in medical sci-
ences. Large numerical aperture offered by ASCAL is
beneficial for better resolution in acoustic micro-
scopes.
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